WILEY

On the Physical Significance of the Locality Conditions in the Bell Arguments
Author(s): Jon P. Jarrett

Source: Nous, Nov., 1984, Vol. 18, No. 4, Special Issue on the Foundations of Quantum
Mechanics (Nov., 1984), pp. 569-589

Published by: Wiley

Stable URL: https://www.jstor.org/stable/2214878

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide
range of content in a trusted digital archive. We use information technology and tools to increase productivity and
facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
https://about.jstor.org/terms

Wiley is collaborating with JSTOR to digitize, preserve and extend access to Nois

JSTOR

This content downloaded from
128.103.147.149 on Mon, 12 Sep 2022 14:38:00 UTC
All use subject to https://about.jstor.org/terms


https://www.jstor.org/stable/2214878

On the Physical Significance of the Locality
Conditions in the Bell Arguments

JON P. JARRETT
HARVARD UNIVERSITY

Bell’s Theorem establishes the incompatibility of quantum mechanics
and certain ‘‘local realistic’’ premises. Any theory satisfying these
premises makes certain predictions (concerning the results of a special
class of experiments) which are constrained by the theorem to satisfy
the Bell inequalities. Since the results of actual experiments—results
which accord well with the predictions of quantum mechanics—do
violate the Bell inequalities, there is evidence that one or more of
the ‘‘local realistic’’ premises of the theorem is false.!

Actually, there are different versions of Bell’s Theorem, cor-
responding to different sets of premises from which a Bell-type in-
equality is derived. Each version of the theorem, however, employs
as such a premise some ‘‘locality’’ condition; i.e. some formulation
or other of a constraint to be interpreted as a prohibition against
‘‘action-at-a-distance.”” Some versions of Bell’s Theorem, namely
those which are restricted to consideration of deterministic local
realistic theories, employ as a locality condition the requirement
warranted by relativity theory, that superluminal signals not be
possible.2

More general versions of Bell’s Theorem, those which apply
to stochastic local realistic theories, make use of a stronger locality
condition. The physical content of this latter condition and the precise
relationship between the relativistic locality constraint and this
stronger locality condition are rather controversial topics about which
there seems to be considerable confusion.

This article is an attempt to provide some clarification of these
matters by calling attention to a certain ‘‘decomposition’’ of the
stronger locality condition into two weaker conditions, each of which
has a rather straightforward physical interpretation. More specifically,
it will be shown that the stronger locality condition is logically
equivalent to the conjunction of the relativistic locality constraint
and another condition which has to do with the ‘‘completeness’’
of the state descriptions allowed by the theory.
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I. NOTATION?

Consider a system of two spin- % particles in the singlet state, together
with two spin measurement devices (each consisting of a Stern-
Gerlach apparatus and particle detectors), all arranged in a stan-
dard EPR-Bohm-Bell setup.* In what follows, the labels ‘L’ and
‘R’ will be used promiscuously to refer to the left-hand member
and right-hand member, respectively, of the pair of measuring
devices, of a pair-of particles, of a pair of measuring device-particle
subsystems, etc. In each case, the intended use will be made clear
by the context.

Let A be the set of states of the two-particle system and let
M; (Mpy) be the set of states of measuring device L(R). (For the sake
of generality, the exact form of these state descriptions is deliberately
left unspecified.) It will be useful to distinguish certain subsets of
M; and My as follows: Let d be an arbitrary unit vector in space;
then M9 is the set containing just those states fi;, € M;, which could
be occupied by an L measuring device prepared to measure the
d-component of spin. Mgd is defined analogously. Since the
macroscopic parameter of primary interest in these state descrip-
tions is the direction along which the Stern-Gerlach magnets are
aligned (i.e. the component of spin to be measured), let us repre-
sent measuring device states fi; € M;d as ordered pairs &; = (p;, d;),
where the subscript 1 may assume the values ‘L’ and ‘R’. This nota-
tion merely collects together into u; whatever information in excess
of the direction d; is required to fully specify the state of measuring
device i.

It will also be useful to allow the variable d to assume the value
0 (corresponding to no direction at all) in order to denote those
sets of states, M % and My?, which could be occupied by measuring
devices unprepared to measure any component of spin. If A is the
set of unit vectors in space and if M,2 is defined as the

U Mdi, then, for each i, M, =MOU M2 and M9 N

l

M§=¢

Attention will be restricted to theories which employ state descrip-
tions for the two-particle system and measuring devices which deter-
mine unique values for the probabilities of the various possible (pairs
of) outcomes of joint spin measurements. That is to say, given a
state N £ A of the two-particle system and states fi;eM;dL and
PR € MR of the measuring devices (where d;, € A and dg € A), and
given a pair x; and xg of possible measurement outcomes, the theory
must uniquely specify a number 7,ALHIR(d; ,x; ;dg,xg) which is to
be interpreted as the probability® that the outcomes of a measure-
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ment of the d;-component of the spin of particle L and a measure-
ment of the dg-component of the spin of particle R are x; and xi
respectively.®

For any given direction, the spin up and spin down measure-
ment outcomes will be represented here by the values +1 and -1
respectively. Let us also incorporate into the formalism the trivial
measurement ‘‘outcome,’’ represented by the value 0, which ob-
tains whenever no measurement is performed (i.e. whenever fy €
M,% or iz € MY). Letting X = {+1, -1}, the condition described
above can be expressed as follows: For each state N € A, there is
a function m, : Dy — [0, 1], where

Dy = ((Ar,xL.BeoxR) | AL e M2, xp € X, fig € Mp?, xg € X]
U {8 %1,k R,0) ’ By € MLA, xp € X, g € MRO}
U {(#5,0,8r %R) | B2 e M, fig € MRA, xg € X },
satisfying the following conditions:’
(1) For all d;, € &, fi;, € MfL, and &g ¢ My,
T mPLER (dp,x;0,0) = 1

XL€X
(2) For all g e M%, dg € 4, and fig € M§R,
oy ML HR(0,0;dg ,xg) = 1

XRE
(3) For all di, dg €A, fif € MEL’ and fip € Ml‘{R,
xL,§Rexﬂ.)\ILL”uR(dL’XL;dR’XR) =1

The domain of these probability functions includes pairs of
measuring device states corresponding to cases in which one (but
not both) of the measuring devices is in a non-measurement state.
Conditions (1) - (3) above merely insure that the relevant probabilities
summed over the possible outcomes add up to unity. Conditions
(1) and (2) express this requirement for those cases in which only
one of the measuring devices is prepared to perform a spin measure-
ment and condition (3) expresses it for cases in which both measur-
ing devices are so prepared.

Before proceeding, a final preliminary point requires attention.
Consider that, in general, the state descriptions admitted by a theory
may be deterministic (i.e. at each moment, the states may deter-
mine the outcome of every possible spin measurement) or they may
be indeterministic (i.e. at each moment, the states may determine
only the probability for each possible outcome of every possible spin
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measurement). However, in each of these cases, the states of the
system may exhibit time-dependence; they may undergo temporal
evolution. Moreover, that temporal evolution itself may be either
deterministic or indeterministic (stochastic). (IL.e., the law(s) govern-
ing the evolution either may or may not be such that the state,
at every moment, is sufficient to determine the state at every future
moment.)

Thus, the probabilistic or statistical character of theoretical predic-
tions may be associated with states of various types: (1) time-
independent indeterministic states; (2) stochastically-evolving deter-
ministic states; (3) determininistically-evolving indeterministic states;
and (4) stochastically-evolving indeterministic states. Similarly, deter-
ministic theoretical predictions may be associated with time-
independent deterministic states as well as deterministically-evolving
deterministic states.

There is experimental evidence, however, which tells against
theories which admit two-particle states which are relevantly® time-
dependent. For the two-particle systems under consideration (i.e.
pairs of spin-% particles in the singlet state), it is observed that—
within experimental uncertainties—joint measurements of any single
component of spin always yield opposite outcomes; one particle is
measured to have spin up and the other is measured to have spin
down, each relative to the same specified axis.

Nevertheless, since perfectly efficient detectors and perfectly func-
tioning analyzers (e.g. Stern-Gerlach devices) are idealizations not
to be found among real laboratory equipment, there exists a class
of “‘local realistic’’ theories which exploit the uncertainties in the
experimental data in order to evade the verdict of Bell-type
arguments.® Theories in this class (including those which admit time-
dependent states) typically do not predict anti-correlated outcomes
for every joint measurement of the same component of spin.

Given the character of these experiments, the failure to confirm
this anti-correlation in particular pairs of measurements is most
plausibly regarded as completely spurious. In any case, since stan-
dard formulations of Bell-type arguments do not neatly handle
theories which admit time-dependent states,!® the present discus-
sion will be restricted to theories which admit only time-independent
states. All of the main points may be extended to include the more
general theories, but not without complicating the exposition in ways
that could obscure the issues of primary concern here.

II. LOCALITY

For purposes of the present discussion, a theory will be said to be
local (or to satisfy locality) just in case the probability functions it
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specifies meet the following constraints: For all N\ € A, d;,dg € A,

R € MfL B € Ml%R, Al e M0 g e MR, and x,xg € X,
o /7
(4) mlHR(drx;0,0) = N mPLPR(dL,xp 3R, XR)
R

and
(5) WA"'I?,”’R(O,O;dR,XR) = xL'):éx mPLPR(AL, x5 dR,XR)-

Locality requires that the probability for the outcome x; € X of
a spin measurement on particle i be determined ‘‘locally’’; i.e. that
it depend only on the state N € A of the two-particle system and
on the state §; € M;® of the i measuring device. In particular, that
probability must be independent of which (if any) component of
spin the distant measuring device is set to measure.

It should be noted that locality does not exclude the possibility
of acquiring information about subsystem R(L)—information bearing
on the outcome of a subsequent R(L) measurement—by perform-
ing a measurement on particle L(R). Since N\ presumably contains
information about both particles, a measurement on one particle,
from the outcome of which partial knowledge of N may be inferred,
may therefore yield information about the other particle as well.
Strictly correlated pairs of measurement outcomes represent the ex-
treme situation of this sort. Such correlations are entirely compati-
ble with locality.

What locality does exclude, however, is the possibility that the
preparation of either measuring device in some particular state can
exert a causal influence on the other subsystem so as to affect the
probabilities for the possible outcomes of measurements performed
on that other subsystem. Since these two events, the preparation
of one measuring device in a given state and the measurement ex-
ecuted by the other measuring device, can be space-like related,
locality is a requirement of relativity theory.!!

In order to establish the relativistic basis for locality, it suffices
to show that if enough control over the state preparations is assumed,
violations of the locality condition provide (at least in principle) the
means for superluminal signal transmission.!? For this purpose, it
will be convenient to treat deterministic theories and indeterministic
theories separately.

Consider first an arbitrary deterministic theory. Suppose this
theory violates (4). (One could just as well suppose instead the theory
violates (5) and give a similar argument). Then for some X\ € A,
dp,dg € A, B, € ML, fig e MSR, g € Mi?, and x; € X,

T PLMR (dp,x;0,0) = I RLER(dy,xp;dg Xg)-
xgex M
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Since, under the assumption of determinism, all probabilities are
either 0 or 1, there are only two cases to consider:

Case (i) ™ MLHR (dp,x;;0,0) = 0

and
m ML AR(dp,x;dg, +1) = 1 or ML AR(d xR, — 1) = 1
Case (ii) T PLER (dp,x;0,0) = 1

and

m ML ER(dp,x;dg, +1) = mHLHER(dE,xp5dg, — 1) = 0

Suppose a pair of particles is prepared in the state N.!*> Suppose
also that experimenters Oy and Oy arrange to perform measurements
of the d; and dy components (respectively) of the spin of the L and
R particles (respectively). Let it be agreed beforehand that 0y is
to perform his measurement by preparing his measuring device in
the state fi;, = (u,d;), but that Oy has the choice of performing his
measurement by preparing his measuring device in the state fig =
(pg,dg) or he can perform no measurement at all by preparing his

. . o] 3 1
measuring device in the state g = (#R,0).'* Moreover, Og is not
to make his decision until such time as the making of that decision

and the measurement by 0; are space-like related events. (See the
figure).
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Now 0y, can use the outcome of his measurements to determine
whether or not Oy decided to perform his measurement.!* If case (i)
above obtains and 0; finds outcome x; , then he knows that O must
also have performed a measurement. On the other hand, if O finds
outcome -xp, then (by equations (1) and (3)) he can be certain that
Og did not perform his measurement. Similarly, if case (ii) above ob-
tains and 0 finds outcome x;, he can infer that Oy did not perform
his measurement. If 0; finds outcome -x;, however, he can infer
that Oy did perform his measurement. (Naturally, in order for 0, to
make the correct inference, he would have to know whether case
(i) or case (ii) obtained, but nothing in principle precludes this.)
In this way, Op could communicate his decision to 0 in a time less
than that in which light would traverse the distance between them.

Thus, deterministic theories which violate locality are quite dif-
ficult to reconcile with relativity.!®> An analogous argument (actual-
ly a generalization of the one just given for deterministic theories)
can be given for indeterministic theories, but because of complica-
tions owing to the statistical character of the predictions, the situa-
tion here is a bit more delicate. Consider an arbitrary indeterministic
theory which violates (4). Then, as before, for some N\ € A, d;,

dp € A, iy, € ML ip € MR, 5§ € M, and x; € X,
7(')\”'L,/'LR (dy,,x7;0,0) # ).:fx 7 PLHR(d],xp 5dR ,XR)-
XR

Suppose that each pair of a large ensemble of pairs of particles
is prepared in the state N.!*> Suppose also that experimenters O; and
Og arrange to perform measurements of the d; and dy components
(respectively) of the L and R particles (respectively) of each pair
in the ensemble by means of corresponding ensembles of L and
R measuring devices. Let it be agreed beforehand that 0y is to per-
form his measurements by preparing each L measuring device in
the state fi;, = (uy,d;), but that Oy has the choice of performing his
measurements by preparing each measuring device in the state fig
= (pR,dg) or he can perform no measurements at all by preparing
each R measuring device in the state i = (ug,0).'® As before, Oy
is not to make his decision until such time as the making of that
decision is space-like related to each of the L measurements.

If the ensembles are sufﬁciently large, we can expect the relative
frequency of the outcome x; in the L measurements to be insensitive
to the actual number of systems in the ensembles (at least approx-
imately). If O decides not to perform his measurements, then this
relative frequency ‘‘ought’ to equal m ML MR (dp.,x1;0, 0) approx-
imately. If Op does decide to perform his measurements, then it
““ought’ to equal xl){:éx m PLHR(dy, xp ;dR,XR) approximately.
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Of course, there is no guarantee of this; finite sequences (as
well as infinite ones, for that matter) of measurement outcomes need
not contain specific outcomes distributed precisely so that the relative
frequencies equal or even approximate the corresponding single-
case probabilities. For this reason, 0; cannot infer with certainty Og’s
decision. However, this fact is without significance for the point
at issue. Either Oy performs the measurements or he does not, and
the probabilities for the possible outcomes of 0; ’s measurements de-
pend on which of these is the case. That one might never have
conclusive evidence for the value of a probability!¢ does not subvert
the relativistic basis for the locality condition.

Thus, locality is (if not strictly, at least nearly enough) a conse-
quence of the relativistic prohibition against superluminal signals.
It can also be shown that locality entails the impossibility of sen-
ding a superluminal signal with a Bell-type experimental setup.
Therefore, in the context of such Bell-Type experimental setups,
locality is (to all intents and purposes) fully equivalent to the im-
possibility of superluminal signals.!” In order to complete the
demonstration of this equivalence, it will now be shown that if a
Bell-type experimental setup could be used to send a superluminal
signal, then any theory which adequately described the phenomena
would violate locality.

Once again, it will be convenient to treat deterministic theories
and indeterministic theories separately. Consider the deterministic
case first. Suppose experimenter Oy could use a Bell-type setup to
send a superluminal signal to 0}, telling him whether or not measur-
ing device R was set to measure some (not necessarily specified)
component of the spin of particle R; i.e. suppose that by perform-
ing a measurement, e.g., of the d; -component of the spin of parti-
cle L, Oy, could infer whether or not Oy performs his measurement
on particle R.!® For this to be possible, a one-to-one correspondence
must hold between the outcome of 0;’s measurement and Og’s
message (i.e. whether or not an R measurement is performed). For
example:

OUTCOME OF
MEASUREMENT OF
d; -COMPONENT OF OR’s MESSAGE
SPIN OF PARTICLE L '
+1 “NO MEASUREMENT ON
PARTICLE R”
-1 “MEASUREMENT ON

PARTICLE R”
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In this example, 0 finds outcome —1( +1) of his measurement
just in case Og does (does not) perform his measurement.*? It follows
that for some chosen N € A, A, € M{L and ag € Mg?,

(6) wHLHR (dy +1;0,0) = 1.

Otherwise,!* a +1 outcome of the measurement on particle L would
indicate that a measurement had occurred at R. Also, for N and
fi1, the same as above and for some chosen dg € A and fig € MR

(7) WA’LL,"LR(CIL, +1;dg, +1) = WAILL,ILR(CIL, +1;dg, -1) = 0.

Otherwise, a +1 outcome of the measurement on particle L. would
be compatible with a measurement of some component of the spin
of particle R. But locality (see eqn. (4)) requires that for

all X € A, d,dg € A, fip e ML i € MgR, and fig € Mg0,
7 PLER (dp, +1;0,0) = 7 KLER(dy, +1;dg, +1) + 7 FLkR
(dp, +1;dg, - 1).

Obviously this cannot be true if both (6) and (7) are true. This
completes the argument for the deterministic case.

Now consider the indeterministic case. Suppose experimenter
Or could use a large ensemble of Bell-type setups to send a
superluminal signal to O;, telling him whether or not all of the R
measuring devices were prepared to measure some (not necessarily
specified) component of the spin of each particle R; i.e. suppose
that by performing a measurement, e.g., of the d;-component of
the spin of each particle L, 0; could infer whether or not Oy per-
forms his measurement on each particle R.!® For this to be possi-
ble, a suitable correspondence must hold between the probabilities
for the possible outcomes of 0;’s measurements (as approximated
by the observed relative frequencies) and 0;’s message (i.e. whether
or not the R measurements are performed). For example:

lp - x| 0g’s MESSAGE
=0 “NO MEASUREMENT ON PARTICLE R”
>> 0 “MEASUREMENT ON PARTICLE R”

Here p is the fraction of the systems in which 0;’s measurement
of the d; -component of the spin of particle L yields the outcome + 1
and x is some previously agreed upon value in the interval from
0 to 1.

In this example, 0; performs his measurements and finds p
significantly different from x just in case Op does perform his
measurements.'? It follows that for some chosen N\ € A, i € MﬂL’

and fig € Mg9,
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(8) mHLHR (dy, +1;0,0) = x.

Otherwise, values of p significantly different from x would be
compatible? with there being no measurements at R. Also, for A
and fp the same as above and for some chosen dy € A and fiy € M}%R,

9 | T HLAR(D, + 1;dg, +1) + 7 PLAR(D, +1;dg, - 1)
- x| >>0.

Otherwise, values of p approximately equal to x would be
compatible?® with measurements of some component of the spin of
the R particles. It remains only to point out that (8) and (9), taken
in conjunction, are incompatible with locality (see eqn. (4)).

III. COMPLETENESS

A theory will be said to be complete (or to satisfy completeness) just
in case the probability functions it specifies meet the following
constraint:

For all N e A,d;,dg € A, Bi; € MIL iy € MR x;,xp € X,
L dr L Ll PR RR Xp,Xg

(10)  mHLHFR(dy,xp ;dg,xR) = xgx mHLHER(dy, x5 dg xR )

XEX m ML HAR(dy, X 5dR,XR)-
Completeness asserts the stochastic independence of the two out-
comes in each pair of spin measurements.?! This can be interpreted
as a natural requirement for theories which represent observable
phenomena as the effects of interacting (but otherwise independently
existing) entities whose physical state may be exhaustively character-
ized by the specification of some (not necessarily unique) set of
definite, well-defined properties.??

For such theories, given the state of the two-particle system and
the states of both measuring devices, the probability for a given out-
come of the spin measurement at L(R) is independent of the out-
come of the other spin measurement at R(L); that is to say, the
probability for the given outcome at L(R) is invariant under condi-
tionalization on the outcome of the measurement at R(L). However,
unlike local theories, the probability for that outcome of the L(R)
measurement may very well exhibit a' dependence on the state of
the distant measuring device R(L). By including in the state descrip-
tions of the two-particle system and the measuring devices all those
properties of the systems (i.e. precise numerical values of whatever
physical quantities are appropriate for the types of entities posited
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by the theory) in virtue of which measurement interactions yield
each possible outcome with its assigned probability, such state descrip-
tions automatically ‘‘screen off’’ any correlation of the pairs of
measurement outcomes which might arise from the omission from
the state descriptions of predictively relevant information.

To be sure, knowledge of the outcome xy of an R measurement
may (depending on the character of the laws governing the interac-
tions) ground inferences about the properties of particle L. In this
way, one might learn from the outcome xy that particle L is
characterized by such-and-such values of such-and-such quantities
with such-and-such probabilities; but the very most that one could
infer from the outcome xp is that particle L definitely possessed cer-
tain properties. If all such information about particle L is antecedently
included in the state description, then knowledge of the outcome
xg provides only redundant information about the L subsystem.??
Hence, the conditional probability of the outcome x; of the L
measurement given the outcome xp of the R measurement must be
equal to the unconditioned probability for x; .2* In other words, the
two outcomes are stochastically independent.

A simple (and incorrect) model for the Bell-type correlated spin
phenomena may serve as a useful illustration.?* Suppose, purely
for the sake of this illustration, that spin is correctly represented
as an ordinary classical angular momentum. Suppose further that
when a pair of particles is prepared in the singlet state, the spin
vectors for the two particles are aligned exactly anti-parallel to each
other. Moreover, given an ensemble of such two-particle systems,
suppose that each direction in space is equally likely to be the direc-
tion of alignment for an arbitrarily selected member of the ensem-
ble. Finally, if unit vector d gives the direction along which the
axis of the Stern-Gerlach apparatus is aligned (i.e. the d-component
of the spin is to be measured), and if s is the spin vector of the
particle (with units chosen so that s has unit magnitude), then the
outcome of that measurement is +1ifd-s > 0 and -1ifd-s < 0.2

According to this model, then, the probability for a spin up
(or +1) outcome of a measurement of any component of the spin
of either particle of a randomly chosen pair of particles in the singlet
state is % . For cases in which measurements are performed on both
particles of a pair in the singlet state (denoted below by ‘0’), this
may be expressed as follows:

For all dy dg € 4,5, € M{L, fig € M}‘%R; and x; ,xg € X

L Pl AR(d % 5dg,xR") = % = L wgPLAR(dp X 3dR,XR)-
XR €X X[ €X
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However, if a d-component spin measurement is performed on each
particle of a pair, the probability of finding the same outcome for
both of the measurements must be 0. So, for all d € A, &i; € M; 4,
fig € Mgd, and x € X,

T HL,rr(d,x;d,x) = 0-

In this case, then, completeness is clearly violated. (See equation
(10)).

The probabilities specified for this model are grounded in a
blatantly incomplete description of the two-particle state. In the con-
text of this model, if the theory assigns probabilities only on the
basis of the occupancy by the two-particle system of the singlet state,
then conditioning on the outcome, let us say, of a d-component
spin measurement on particle R(L) may well yield a different prob-
ability for the outcome of a spin measurement on particle L(R) than
would have been given by the corresponding unconditioned pro-
bability (i.e., %). This is so because, if the outcome of the measure-
ment on particle R is +1, then it may be inferred that d-s; < 0
(with probability 1), where s; is the spin of particle L. Similarly, if
the outcome is -1, then it may be inferred that d-s; > 0 (with
probability 1). The outcome of the measurement on particle R pro-
vides information about particle L which was not included in the
incomplete state description g.

For a theory which assigns probabilities on the basis of the com-
plete state description (for this model, such a state description would
entail exact values for s; and sz = - s;), any information about
particle L(R) which may be inferred from the outcome of a measure-
ment on particle R(L) is clearly redundant. In general, the very
most that one could infer about an arbitrary spin measurement on
particle L(R) from the outcome of a spin measurement on particle
R(L) is considerably less than the knowledge of the L(R) measure-
ment outcome; but given a complete state description, that out-
come is determined (with probability 1), antecedently by s; (sg)
and the state of the L(R) measuring device (i.e. the component of
spin to be measured).

Indeed, all deterministic theories satisfy the completeness con-
dition. This holds not only for models of the sort just described,
but is true quite generally. To see this, consider the table below.
It lists in each column one of the four possible sets of numerical
assignments (those satisfying equation (3)) to the terms occurring
in equation (10) for deterministic theories.
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WANL,ILR(C[L, +1;dg, +1) 1 0 0 0
m ML HAR(d, + 1;dg, — 1) 0 1 0 0
ML HAR(d, - 1idg, +1) 0 o0 1 o
mHLER(dL, - 13dg, — 1) 0 0 0 1
S MILHR(L, + 13dg,xg) 1 1 0 0
XTex mHLPR(dL, - 1dR,xR) 0o 0 1 1
XITex 7 PLHAR(d, x5, + 1) 1 0 1 0
X{TeX ML ER(dy, x5 dg, — 1) 0 1 0 1

Inspection of this table reveals that for every instantiation of
numerical values for x; and xg in (10), the values in each column
do satisfy (10).27

This accords well with the interpretation of the completeness
condition just put forward. If the state descriptions go so far as
to determine measurement outcomes (and not just the probabilities
for such), then those state descriptions include a fortiors (at least im-
plicitly) a full account of whatever features of the physical situation
contribute to the probabilities for the possible measurement outcomes.

The underlying deterministic character exhibited by the model
discussed in this section is by no means essential for completeness;
genuinely indeterministic theories certainly may satisfy (10).
However, it is true that models which attribute strictly anti-correlated
spins to the particles can be adequately described by a local com-
plete theory only if that theory is deterministic (at least in the sense
that it makes probability assignments of 0 and 1 only).?® The proof
that local complete indeterministic theories?® are incompatible with
such models is straightforward and will not be given here.

IV. STRONG LOCALITY

A theory will be said to be strongly local (or to satisfy strong locality)
just in case the probability functions it specifies meet the following
constraint:

For all X € A, dy,dg € A, By € M{L, fig € MgR, 70 e M, ©, i € Mg,
and xp,xp € X,
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T PLPR(dy,xp3d XR) = TRLAR (dp,x1;0,0) - m KOAR(0,05dg,xg) -

It is not difficult to show that strong locality is logically equivalent
to the conjunction of locality and completeness. Consider an ar-
bitrary strongly local theory. Then, for all A € A, d dg € A,
B e ML, g € MER, B e M0, AR € MR0, and x,xg € X,

I, mALERL xR ) = T HLER (dp,x,50,0) - [Z:x rxﬂf,ﬂR(O,O;dR,xR')]
= mHLAR (dy,x.30,0) by equation (2);
and

b WX#L,/‘lg(dL,xL‘;O,O)] - @ PEHR(0,05dg , xg)-

16X

l):EX m LR X dRxR) = [
= @ MEHR(0,0;dg,xg) by equation (1).
Therefore, all strongly local theories are local.
Also, if strong locality holds, then for all N € A, dpdg € A,
B € MYL, fip € MR, 50 e M0, Bf € MR0, and x| ,xp € X,

ng WXI‘L,l"R(dL,XL;dR,XR/)~ XEX wxﬂL,ﬂR(dL,xL’;dR,xR)

7 PLAR (dy,x,;0,0) - [ Lo Mf,uk(o,o;dR,xR')]
A Xgex A

[):x wqu,m%(dL,fo;o,O)] m MOAR(0,05dg, XR)
X[ €

- wx#L,ILE (dp,x.50,0) - m MEHR(0,0;dg,xg) by (1) and (2)

wx#L,l‘R(dL,xL;dR,xR) .

Therefore, all strongly local theories are complete.
It remains only to show that complete local theories are strong-
ly local. Assume locality and completeness. Then, for all X € A,

dp,dg €A, iy e M{L, B e MR, e M 0, Big e M0, and x; ,x € X,

wxl‘L,/‘R(dL,xL;dR,xR) = xgx WXI‘L,I"R(dL,xL;dR,xR')- XEX wxﬂL,ﬂR(dL,xl";dR,xR)

by equation (10)
= mMLAR (dp,x;50,0) - m FOAR(0,0;dg,xg)
by equations (4) and (5).

This concludes the proof.3°

Strong locality is the assumption used in the derivation of
generalized Bell-type inequalities.?! As the conjunction of locality
and completeness, strong locality requires of the probability for an
outcome of a measurement on particle L(R) that it be independent
of the outcome of any corresponding measurement on particle R(L)
and that it be independent of the state of the R(L) measuring device.
The local realistic character of strong locality derives directly from
that of locality and completeness.
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It is important to be clear about the distinction between com-
pleteness and strong locality. Although all strongly local theories
are complete, complete theories need not be strongly local. This
is so for complete theories which violate locality. The predictions
of such a theory have the following character: The probability for
the outcome of the I(R) measurement depends not only on the state
of the two-particle system and the state of measuring device L(R),
but it depends also on the state of the (other) measuring device
R(L). (This is the ‘‘non-locality.”’) Nevertheless, that probability
is invariant under conditionalization on the outcome of the R(L)
measurement (if any); the three state descriptions, taken together,
include a full record of all predictively relevant physical properties
of the systems. (This is the ‘‘completeness.’”)

Each of these conditions, locality, completeness, and strong local-
ity, is a requirement that certain probabilities remain invariant under
some form of conditionalization. With the help of a bit more nota-
tion, this similarity of form may be exhibited more explicitly. The
required definitions will now be introduced.

For all X € A, d;,dg € A\, i, € ML, g € MgR, and x; ,xg € X,

wxl‘L,l‘R(dL,xL;dR, -)= X wHLHIR(d,xp;dg xR")
XREX A
and
xpex A

For all X € A, di € A, i;, e M{L, and iz € MR?,
m ML ER(d, —50,0) = X w AL BR(d,x50,0) = 1

xp.€X
(by equation (1))
For all N € A, i € M{?, dg € A, and fig € MR
7 PLHAR (0,05dg, —) = XEX m PLHR(0,0;dg,xg) = 1
(by equation (2))
Now each of the three conditions can be expressed in the same form:
For all N € A, i e M{L, i € MgR, i € Mﬂﬂ and fig € M§ﬁ7
T PLAR(dy,xsdR xR) = THLHER(dp,xpdg -) - wxl*li,I‘R(d[:, —dgoXg)s

provided that certain of the variables are restricted to the appropriate
sets, as specified in the chart below:
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dp, dg XL XR By PR
COMPLETENESS A A X X | B | {ER)
(4) A |y | X0 | MA] MDA
LOCALITY
(5) (0} A {0} X | MO MDA
STRONG
LOCALITY* AU} | AU} |XU0} | XU} | M D] MgD

*Of course, the case in which d; =di =0 and x; =xp =0 must be
excluded.

In view of this chart, the equivalence between strong locality and
the conjunction of locality and completeness is obvious. The chart
also provides a convenient place to pause for a brief summary:

(i) Completeness requires that the probability for the outcome of
an L(R) measurement be invariant under conditionalization on the
outcome of the distant R(L) measurement; it may depend on the state
of the two-particle system and on both measuring device states. The
outcome of the L(R) measurement must be stochastically indepen-
dent of the outcome of the R(L) measurement.

(ii) Locality requires that the probability for the outcome of an
L(R) measurement be invariant under conditionalization on the state
of the distant measuring device R(L); it may depend on the state
of the two-particle system and on the state of the L(R) measuring
device. The outcome of the L(R) measurement need not be
stochastically independent of the outcome of the R(L) measurement.

(i) Finally, as the conjunction of locality and completeness, strong
locality requires that the probability for the outcome of an L(R)
measurement be invariant under conditionalization on the state of
the distant measuring device R(L) and that it be invariant under
conditionalization on the outcome of the R(L) measurement. The out-
come of the L(R) measurement must be stochastically independent
of the outcome of the R(L) measurement.

V. CONCLUDING REMARKS

The interpretation that strong locality inherits from locality and com-
pleteness may be exploited to help to understand the significance
of the Bell arguments. Those arguments, together with the relevant
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experimental results, are generally taken to provide excellent evidence
that strong locality cannot be satisfied by any empirically adequate
theory. Since locality is contravened only on pain of a serious con-
flict with relativity theory (which is extraordinarily well-confirmed
independently), it is appropriate to assign the blame to the com-
pleteness condition.

In terms of the interpretation of completeness presented here,
one must conclude that certain phenomena simply cannot be ade-
quately represented by any theory which ascribes properties to the
entities it posits®? in such a way that no measurement on the system
may yield information which is both non-redundant (not deducible
from the state descriptions) and predictively relevant for distant
measurements.3® That ‘‘information’’ is not (neither explicitly nor
implicitly) contained in the ‘‘incomplete’’ state description.

Despite the general acceptance long ago of the ‘‘orthodox’’ in-
terpretation of quantum mechanics, it might be said that only since
the Bell-type experiments of recent years lias there been solid evidence
that the world-view which underlies completeness must be relin-
quished. The predictions of quantum mechanics, in good agree-
ment with the experimental results, satisfy locality,3* but violate com-
pleteness (and so, too, violate strong locality). Investigation of the
quantum-mechanical violation of completeness leads immediately
to deep unresolved mysteries at the foundations of quantum
mechanics (including the infamous ‘‘measurement problem’’).

While this analysis provides no resolution of quantum mysteries,
it is hoped that it may help to sharpen the focus on our view of
those mysteries. By separating out the relativistic component of the
strong locality condition (thereby exposing strong locality as the
relativistic locality constraint for complete theories), there emerges
a clarification of that class of theories excluded by the Bell arguments:
the class of theories which satisfy completeness. Although the term
“‘incompleteness’” may connote a defect (as if, as was the case for
the model discussed in Section III, all incomplete theories may be
“‘completed’’), incomplete theories (e.g. quantum mechanics) are
by no means ipso facto defective. On the contrary, when the result
of Bell-type experiments are taken into account, the truly remarkable
implication of Bell’s Theorem is that incompleteness, in some sense,
is a genuine feature of the world itself.
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'For an excellent review of the literature on this subject, see Clauser and Shimony [3].

?In fact, the locality condition usually employed in these versions of the argument is
not quite that of relativity theory. (This point will be clarified a bit in section II.) Never-
theless, expressions such as ‘‘relativistic locality constraint’’ will be used loosely to refer to it.

3At least a partial justification can be given for the regrettably cumbersome-looking
notation introduced in this section. It has become customary to represent the relevant prob-
ability functions in a way which builds in a certain locality condition (the one to be discussed
in section II). For many purposes, this practice is convenient and entirely appropriate.
However, for present purposes, a notation is needed which permits the expression of a cer-
tain condition (‘‘completeness’’—to be discussed in section III) which is independent of the
locality condition and this requires a departure from the customary, more wieldy formalism.
This desideratum still could be met without explicitly including full microstates of measuring
devices (as will be done here). Nevertheless, since any properly general treatment of Bell’s
Theorem must give due consideration to the full microstates of measuring devices, notation
of this sort does permit some added flexibility.

*Although the correlated spin experiments provide the context for the subsequent discus-
sion in this article, the correlated photon polarization experiments would serve equally well.

SProbabilities of this sort are quite naturally regarded as single-case propensities.

®Following Skyrms [10], the assertions of the theory are to be regarded as subjunctive
conditionals of the form: If measuring device L, in state g; € M| L, and measuring device
R, in state u, € MR, were to measure, respectively, the d; -component of the spin of particle
L and the d-component of the spin of particle R, for a pair of particles in the state X € A,
then the probability that the outcome of the L measurement is x; and the outcome of the
R measurement is xg would be quLvuR(dL’xL;dR’XR)-

’Note that although the elements of D__ have the forrg (ﬁL,xL,ﬁ ,xR), _the associated
probability will be expressed as  FLFR(d] x| ;dg,xp), where jiy = (uL,dE) and iy = (ug,dp)-
This is done merely to isolate the four parameters of greatest interest: the two components
of spin to be measured and the two measurement outcomes.

8A state of the two-particle system is relevantly time-dependent if at least some of its
associated probability functions exhibit time-dependence not solely due to that of the measuring
device states. T'wo-particle states whose time-dependence resides exclusively in parameters
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which do not contribute to the probabilities of interest, or whose associated probability func-
tions have no time-dependence apart from that which results from time-dependent measur-
ing device states, are, for present purposes, time-independent.

*See, for example, Fine [5] and Shimony [9] for more on such theories.

0The difficulty may be summarized in this way: If the states of the two-particle system
are time-dependent, then the crucial premise of the Bell arguments—which, at least in stan-
dard formulations, constrains probabilities which have to do with possible future measurements
but which are determined by the ‘‘initial’’ state of the two-particle system—Iloses its ‘‘local
realistic’” warrant and must be modified.

"For spacelike-related measurement events, these constraints constitute a condition close
to, but somewhat weaker than Hellman’s ‘‘stochastic Einstein locality’’ condition discussed
in [8]. Hellman’s condition requires that probabilities associated with measurement outcomes
depend at most on the state of affairs in the backward light cone of the measurement event
in question, while (4) and (5) require only that the probabilities not depend on the state
of the distant measuring device.

2This point was made previously in Eberhard [4]. See Hellman [8] for another ac-
count of the relativistic locality condition.

BWhile it is here assumed that the experimenters are able to prepare systems in the
desired states, the inability to do so in practice does not undermine the argument being made.

*For what follows, note that in the context of determinism, probability 1 corresponds
to necessity and probability 0 corresponds to impossibility.

*Not all such theories are incompatible with relativity. Since the backward light cones
of the two events indicated in the figure eventually do overlap, the possibility exists that by
some unknown—but purely causal—mechanism, Op’s decision and 0 ’s measurement out-
come are correlated in precisely the same way they would have been if there actually had
been a superluminal physical disturbance. Such ‘‘conspiratorial’’ possibilities cannot be ex-
cluded, but there are (as yet) no positive grounds—none whatsoever—for taking them seriously.
See Clauser and Shimony [3]: 1920-1, for more on this point. Still, even if these ‘‘con-
spiratorial’’ possibilities are excluded, it must be acknowledged that because superluminal
transport of matter-energy is not actually entailed by the violation of locality, such a viola-
tion need not correspond to a violation of relativity theory. However, in this case, it is not
clear how the violation of locality could be understood at all.

19This is a quite general matter. To whatever extent the confirmation of probabilistic
assertions is taken to present serious problems, quantum mechanics is subject to those prob-
lems as well.

'7A more precise evaluation of the status of locality with respect to relativity theory
requires a further qualification in addition to that already mentioned in n.15 above. There
it was indicated that locality is, in at least one respect, a bit stronger than relativity demands.
However, it is also, in a different respect, a bit weaker. Since no assumptions have been
made about the relationship between the exact structure of the elements of A and the prob-
ability functions they determine, locality permits the probabilities for outcomes of measure-
ment events to exhibit a dependence on the physical properties of spatially distant parts
of the system; such a probability would depend on information associated with events out-
side the light cone of the measurement event in question. However, in the present context,
the exclusion of any dependence on the state of the distant measuring device is the condition
which bears on the possibility of sending superluminal signals by performing spin
measurements. In any case, since the truly relativistic locality condition is (in this sense)
stronger than locality, conclusions deduced with locality as a premise (e.g. Bell-type ine-
qualities) follow a fortiori from the truly relativistic locality constraint (except as qualified in n.15).

It should also be mentioned here that, in connection with considerations addressed in
n. 11, since Hellman’s concern is with superlimunary action more generally (i.e. not necessarily
of a sort which could be utilized by an experimenter to send information), the argument
to follow does not refute his position in § 5 of his [8].

!®Note than any superluminal signal must consist of information coded in some such
way. The account given here can readily be modified to treat cases in which 0, may measure
either one of two different specified components of the spin of particle R.

®Analogous treatment can be given to any other such scheme.
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2°In recognition of the aforementioned general difficulties associated with the confirma-
tion of probabilistic assertions, the word ‘compatible’ should be understood here in an ap-
propriate special (very strong) sense. Obviously, mere logical compatibility will not suffice.
Indeed, all probabilistic assertions are logically compatible with any observations whatsoever.

21If completeness is satisfied, the two outcomes are stochastically independent relative
to the given two-particle system state and measuring device states. To see this, notice that
the right-hand side of (10) is a product of two terms. The first term is the probability for
the x| outcome of the L measurement (with unspecified outcome of the R measurement) and
the second term is the probability for the x outcome of the R measurement (with unspecified
outcome of the L. measurement).

22As will become clearer in what follows, the sense of ‘‘completeness’” expressed by
(10), although it applies to indeterministic (as well as to deterministic) states, reflects certain
‘““classical’’ intuitions. The reader who wishes to reserve the name ‘completeness’ for some
more general condition which is not based on these intuitions, may choose to read ‘classical-
completeness’ in place of ‘completeness’ in what follows.

2This interpretation of (10) breaks down for theories which permit stochastically-evolving
states. (See the discussion which concludes section I.) The problem of devising a suitable
generalization of the completeness condition which would apply to such theories will not
be considered here.

2#The issue here is not fundamentally an epistemological one. The point is that if the
state descriptions are complete in the relevant sense, then conditionalization on the outcome
of a measurement on particle R entails no further restrictions on the physical possibilities
that would serve to better define the probabilities for the outcomes of possible measurements
on particle L. However, it may be helpful to think of this conditionalization in terms of
the acquisition of knowledge.

25Bell discussed a model of this sort in his 1964 paper ([1]). It is being used here to
illustrate that theories which admit state descriptions which are compatible with more fully
specified ‘‘hidden’’ states do not satisfy completeness.

26There is no need to consider the set of directions d such that d - s = 0, since that
set has measure zero and will not bear on the claims of interest here.

?’Consider the following constraint:

(Condition C) For all X ¢ A, d;,dg €2, iy € M, 9L, and i, e MR, myPLER(A,, + 13dg, +1)
mPLER(,, - 1dg, - 1)

= mPLIR(, + Lidg, - 1) - mPLER(d,, - 1;dg, + 1)

That deterministic theories must satisfy completeness may also be seen by first showing that
completeness is logically equivalent to condition C and then noting that for deterministic
theories, of the four probabilities occurring in the statement of condition C, three must vanish
(and the other must be 1).

28This would not necessarily be the case if measurements did not minimally have to
disclose the anti-correlation. For the claim to be strictly true, it must be assumed that if
measurements of the same component of the spin of both particles are performed, the prob-
ability for identical outcomes of those measurements is zero.

29Tt will be shown in the next section that local complete theories are precisely those
which satisfy strong locality.

30Therefore, for complete theories, locality is logically equivalent to strong locality. Since
all deterministic theories are complete (as was shown in seciton III), it follows that for deter-
ministic theories, locality is logically equivalent to strong locality. (See Hellman [7] for a
different treatment of essentially the same point).

3!In other treatments of the subject, one finds the assumption from which generalized
Bell-type inequalities may be derived called by a variety of names. These include ‘‘local
causality’’ (e.g. Bell [2]), “‘factorizability”’ (e.g. Fine [5]), ‘‘conditional stochastic independence
(e.g. Hellman [8]), and a number of others. Since the argument is set up differently in
different presentations, these conditions cannot be regarded as logically equivalent in any
strict sense. However, it will be generally acknowledged that each ‘‘does the same work”’
in that version of the argument in which it occurs and that their content is essentially that
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of strong locality. It should be noted that Clauser and Shimony ([3]: 1891-3) do employ
a condition which is tantamount to strong locality, but their discussion of that condition
may be a bit misleading; they appear to suggest that their condition is no more than the
relativistic locality constraint (i.e. the condition herein called ‘locality’’) for indeterministic
theories.

32The point is not (or at least not merely) that some predictively relevant properties at-
tach ‘‘globally’’ to systems as a whole, but not to parts of the systems. It is more, for exam-
ple, than that we may assign the value zero to every component of the spin of the two-
particle system, but we cannot, for particles in this state, ascribe a definite value to any
component of the spin of either particle.

It should be acknowledged that further analysis might yet reveal that imposition of
the completeness condition excludes from consideration state descriptions which do not per-
mit the analysis of each property of the two-particle system in terms of properties which
may be ascribed to the two particles individually. If so, however, it is certainly not evident
from what has been presented here.
33This emphasizes the sense in which completeness, too, has the character of a ‘‘local-
condition.
3¢Indeed, it can be shown quite generally that no superluminal signal can be produced
by quantum mechanical measurements. See, e.g., Ghirardi, Rimini, and Weber [6] for a proof.
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