On the Separability of Physical Systems

Jon P. Jarrett

Abstract In the context of Bell-type experiments, two notions of ‘“separability”
emerge from the application of some simple considerations from information theory.
The first of these applies to physical states construed as probability measures, while
the second applies to states construed in terms of “elements of physical reality”. The
former is found to be logically equivalent to the “completeness” constraint (a.k.a.
“outcome independence” or “factorizabilility”) in Bell-type arguments. Moreover,
it is found that there are theories that are separable in the first sense but which are
empirically equivalent to no theory that is separable in the second sense. I offer some
speculations about the significance of these and a few related results.

Bell’s Theorem and the associated empirical tests of the Bell Inequalities are widely
considered to reveal some strikingly non-classical features of our world. In the in-
terest of trying to come to a fuller understanding of these features, I wish to propose
some suggestions for how we might characterize the “separability” (or lack thereof)
of systems in entangled states. For this purpose, I offer the following brief summary
of the Bell milieu.! 2
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U1 find it congenial to address these issues in a framework consisting of an idealization of actual
Bell-type experimental apparatuses, an idealization devised by N. David Mermin. I have dubbed
Mermin’s idealized experimental setup “the Mermin Contraption”. It debuted (as simply “the de-
vice”) in Mermin [1].

2 This is intended as a handy reference for what is to follow. While most of this notation has become
standard in the Bell literature, some of it (and some of my nomenclature) is rather idiosyncratic.
See Jarrett [2] for further discussion.
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The Mermin Contraption
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where p(A) is the distribution of states.
The Mermin Contraption consists of three devices A, B and C. A and B are
detectors of some sort, situated at diametrically opposed positions with respect to a
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source of particles, C. We make only some very limited assumptions regarding the
nature of these devices and particles. Each detector can measure any one of three
different things; the measurement outcomes consist of the illumination of either a
red light or a green light at the detector. Distinct measurement-types correspond
to distinct switch settings at a detector. Switch setting k at detector A corresponds
to a measurement of the same type as switch setting k at detector B. A candidate
theory for these experiments has to specify a set of states, A, for the two-particle
system and must also provide an algorithm for computing joint probability functions
of the form p, (x,y| i, ). Here, A is the state of the two particle system, x and y
are the outcomes at site A and B, respectively; and i and j are the switch settings
at site A and B, respectively. (A theory that satisfies DETERMINISM posits only
states whose associated probability functions are restricted to {0,1}.) The testable
predictions of the theory, then, are generated by summing these joint probability
functions over all states, using a weighting function, p (1), the distribution of states,
which the theory also must specify.

Marginal Probability Functions

(A) pi (xli, j) = A% (x, +1i, j) + pi% (x, —1]i, )
(B) P& (v]i, ) = P38 (+1,30i, j) + PAE (— 1,0, j)

Locality
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(B) p3 Oli /) = pi (I, J)
In terms of the joint probability functions, we can define marginal probabilities for
A and B. I call LOCALITY the constraint that each of the marginals is independent
of the switch setting at the distant site.> Relativity theory prohibits the superlu-

minal transport of ma tter and energy. This relativistic “locality” constraint is by
no means strictly equivalent to the foregoing LOCALITY. However, any theory that

3 Abner Shimony prefers to call my LOCALITY condition parameter independence, and for good
reason. This is a requirement that the probabilities at each detector site be independent of the
switch setting (the “parameter”) at the other detector site. “Locality” has been defined in various
ways and taken to mean many different things; “parameter independence” however, is not only
very descriptive, but also (in contrast to “locality”) an expression whose meaning is univocal.
For better or worse, I've chosen to retain this terminology, mainly out of deference to Einstein,
Podolsky, and Rosen. I think that this constraint, while certainly not in any strict sense equivalent
to the relativistic prohibition against superluminal signaling, does function in the Bell arguments in
a manner that is very similar in spirit to the way that “locality,” in the sense of EPR, was employed
in their argument. Similar remarks apply to my use of the term “completeness.”



108 J.P. Jarrett

violates LOCALITY faces at least a difficult reconciliation with relativity. (Note that
quantum mechanics itself does satisfy LOCALITY.) Modulo a few related caveats,
LOCALITY is a sufficient constraint from which to derive a Bell Inequality for
theories that satisfy DETERMINISM. The results of actual experiments (in good
agreement with the predictions of quantum mechanics) violate the Bell Inequality.
Consequently, since relativity theory is so well confirmed independently, the exper-
imental results are widely (though not universally) taken to provide rather direct
evidence against DETERMINISM.*

Completeness

vz?'x’y, i’ j’
P8 (xyli, j) = py (xli. j) p§ O]i, )

or, equivalently,
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CONDITION C < COMPLETENESS

I call COMPLETENESS the requirement that for any specified state of the two-
particle system and for any pair of measurement-types at the two detectors, the con-
ditional probability of a specified outcome at either site given a specified outcome
at the other site is just that (unconditioned) probability for getting the outcome at
the first site.> To understand the sense in which this can be seen to be a kind of

4 Most prominent among the dissenters are the advocates of a Bohmian mechanics. The Bohmians
reject LOCALITY as a suitable constraint on physical theories.

3 Shimony has called my COMPLETENESS constraint outcome independence, for it expresses the
requirement that the probabilities at each detector site be independent of the outcome at the other
detector site.
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completeness condition, consider the following: an independence constraint of this
sort is precisely that which should be satisfied if the information associated with the
outcome at A(B) is redundant with respect to the probability assignments at B(A).
Because of this redundancy, conditionalization on the outcome at A(B) cannot alter
the probabilities assigned at B(A). The conditional probability of such and such at
B(A) given the outcome at A(B) is the same as the unconditioned probability at B(A)
because the (complete) state description already includes that information; there is
nothing more that one can learn regarding what one might find at B(A) based on
what one finds at A(B).

One might think of it this way: Our two particles of a given pair—call them
“A” and “B”—interact with each other at the source. As a result of this interaction,
B might leave its “particle footprint” or some of its “particle DNA” or whatever
on A. An observation of A, then, could conceivably reveal some trace of informa-
tion about B’s properties, so that conditionalization on the measurement outcome
at A could permit us to revise the probability for getting a specified outcome at B.
However, it is precisely all such information that we suppose to be included an-
tecedently in a genuinely complete state description. Thus, if our state description
is complete, there should be no correlation between such pairs of measurement out-
comes, and we would expect the joint probability functions to reduce to the product
of the two marginals. For this reason, in some of the literature on Bell’s Theorem,
COMPLETENESS also gets called “factorizability”, for it constrains the joint prob-
abilities to factor into this product of the two marginals.®

COMPLETENESS demands that states posited by the theory afford a representa-
tion of phenomena in terms of the interactions of entities possessing physical prop-
erties in a suitably independent manner. State descriptions that are “complete” in
this sense encode information in a manner that insures the “screening off” of any
correlations between sets of measurement outcomes at the two wings of the Mermin
Contraption. Any theory (whether deterministic or not) that posits entities that pos-
sess properties (whatever those properties may be) in the ways familiar to us from
our experience at the classical level might plausibly be expected to satisfy this con-
straint. It has the look of nothing more than a requirement that state descriptions
include all causally relevant information. (Note that quantum mechanics violates
COMPLETENESS.)

CONDITION C deserves mention here, if only as a curiosity. I will address its
possible significance later. The elements of the matrix C(A[i, j) are the joint prob-
abilities assigned by A to the four possible pairs of measurement outcomes, for
specified switch settings i and j. CONDITION C is the requirement that the deter-
minant of C vanish for all A,i, and j. As can easily be verified by substitution of
the relevant expressions for the marginal probabilities (and by applying the standard
normalization constraint, according to which the probabilities for all possible pairs
of outcomes sum to unity), COMPLETENESS and CONDITION C are logically
equivalent.’

6 The term “factorizability” was introduced by Arthur Fine, long-time nemesis of its referent.

7 1t is useful to appeal to this equivalence between COMPLETENESS and CONDITION C in
order to see that theories that satisfy DETERMINISM also satisfty COMPLETENESS, while the



110 J.P. Jarrett

Strong Locality
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Finally, STRONG LOCALITY is logically equivalent to the conjunction of
LOCALITY and COMPLETENESS. Theories that satisfy STRONG LOCALITY
represent the composite system as a pair of component systems that are mutually
independent in both the sense of LOCALITY and that of COMPLETENESS. Bell’s
Theorem and the related experimental results provide good evidence that no theory
satisfying STRONG LOCALITY is empirically adequate, for it is this constraint
from which the generalized Bell Inequalities are derived. These generalized Bell
Inequalities, too, are violated by empirical data that are in excellent accord with
the predictions of quantum mechanics. By a broad consensus, COMPLETENESS
is assumed to be the culprit in all of this. However, it is crucial to bear in mind that
theories that violate COMPLETENESS need not ipso facto have omitted anything
whatsoever from their representation of physical states of affairs. That COMPLETE-
NESS is satisfied by no acceptable empirically adequate theory cannot be regarded
as some eliminable artifact of our currently best theory; rather, it appears to be a
reflection of some highly non-classical feature of the world itself. Quantum me-
chanics appears to hook on to the world in some fashion that accurately mirrors this
feature. In this respect, one might argue that Einstein, Podolsky, and Rosen (EPR)
were quite right in concluding that quantum mechanics is “incomplete” in some
important sense. Nevertheless, Bohr also appears to have been right, at least to the
extent that “incompleteness” in this sense is demonstrably not a defect in a theory.®
If (as I am assuming here) our theory must satisfy LOCALITY, and if that theory
is to be empirically adequate, then it must violate COMPLETENESS. Again, this
is not to say that any empirically adequate theory that satisfies LOCALITY fails to
incorporate into its state descriptions all causally relevant factors; but it is to say that
even if the state descriptions of such a theory do include that information (and, so,
might still be called “complete” by that measure), those state descriptions neverthe-
less fail to screen off Bell-type correlations. This situation constitutes a much more
radical departure from the classical worldview than is required by the mere rejection
of DETERMINISM.

converse does not hold in general. If a theory satisfies DETERMINISM, then normalization de-
mands that three of the four probabilities in matrix C have the value 0, while the other has the
value 1. Thus, the determinant of C vanishes. However, it is easy to construct a 2 x 2 matrix of
numbers that are in the interval [0,1) and which sum to 1 for which the determinant still vanishes.

8 The classic papers here are Einstein, Podolsky, and Rosen [3] and Bohr [4].
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The results of Bell-type experiments may be seen to impose constraints on our
conception of causality and the strictures of relativity. COMPLETENESS itself
may be regarded as a locality condition of a special sort, one that is closely re-
lated to the notion of ‘“separability” (of the two component systems in Bell-type
experiments). Below, I will introduce a notion of “separability” that turns out to be
logically equivalent to COMPLETENESS in the previously described sense. How-
ever, as a candidate for a criterion of the individuation of physical systems, this
is a comparatively weak separability constraint, certainly one that is weaker than
any that would have drawn the support of EPR. Consequently, the mere incorpora-
tion into one’s worldview of the “causal holism” implicit in the rejection of what I
shall call EPR-SEPARABILITY is not by itself sufficient to move us into the realm
of viable theories. Put in terms of how far we are compelled to retreat from the
worldview of classical physics, giving up DETERMINISM is not enough; giving up
EPR-SEPARABILITY is not enough; COMPLETENESS (this even weaker form of
separability) must be abandoned as well.

If we accept the popular view that the lesson (or at least one of the lessons)
that we must learn from Bell’s Theorem is that apart from the empirical ade-
quacy of quantum mechanics, apart from its future successes or ultimate demise,
any theory that supersedes quantum mechanics is also going to have to violate
COMPLETENESS,’ then we must ask just what precisely it means to say of a the-
ory that it is “incomplete”. In particular, is there anything more to say about such
theories beyond that which has already been said?'”

Subsequent to the EPR paper, Einstein offered his own argument for the incom-
pleteness of quantum mechanics.!! Guided by considerations raised therein, Don
Howard has suggested that we understand “‘separability” as a requirement that each
of the putative subsystems possess its own distinct physical state in such a way
that they fix the state of the composite system in precisely the manner specified
by COMPLETENESS. For specified values of i and j, (marginal at A) represents
the state of the A component system, (marginal at B) represents the state of the B
component system, and (joint AB probability) represents the state of the composite
system. COMPLETENESS is the requirement that the joint probability associated
with A, i, and j be fixed by the product of the two marginals. Thus, Howard recom-
mends that COMPLETENESS be construed simply as separability.'?

9 1 trust that even the Bohmians would allow that it is at least of some interest to consider what
follows from this supposition.

10 Whether or not Bell-type correlations should be deemed in need of further “explanation”, so
as to render them less “mysterious” is a question that impinges on some of the most fundamental
issues in the philosophy of science. I do have views about the issues that bear on this question, but I
will refrain from unleashing them here. An extremely stimulating discussion of these matters may
be found in Cushing and McMullin [5]. (See, especially, Arthur Fine [6], Bas van Fraassen [7], and
R. I. G. Hughes [8].)

11 Historical scholarship suggests the possibility that Einstein did not even see the EPR paper until
it appeared in print (see Fine [9], pp. 35-36), and that in any case he was not altogether pleased
with the finished product. Einstein’s own “incompleteness” argument first appeared in [10] and
was later more fully elaborated in [11].

12 See Howard [12] and [13].
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Before acceding to Howard’s recommendation, there are two important questions
that need to be considered:

(i) Are probability functions alone properly regarded as providing an exhaustive
characterization of physical states?

(ii) Even if physical states are to be understood in this manner, why ought a con-
straint deserving of the name “separability” require that the state of the composite
system be determined by the states of the two component systems in the particu-
lar manner specified by COMPLETENESS? More specifically, why couldn’t it be
determined by those states in some other way and still, then, be considered as ex-
pressing an acceptable “separability” constraint?'3

I will begin with question (ii). One way to formalize the talk of the “information”
contained in state descriptions is in terms the Shannon information. This suggests
the following definition:

Separability

YA, L, j,

1(p3®li.d) =1 (pli, ) +1(P3liJ)
where I (p) =Y plnp is the Shannon information associated with probability func-
tion p, and the sum is over all values of the outcome variable(s) in p.

SEPARABILITY is just the requirement that the Shannon information associated
with the joint probability function (representing the state of the composite system)
equal the sum of the Shannon information associated with the marginal probability
function at A (representing the state of the A component system)'# and the Shannon
information associated with the marginal probability function at B (representing the
state of the B component system). This constraint, then, has a natural interpretation
as one way, of perhaps many ways, one might choose to make precise the cliché that
the whole is equal to the sum of the parts, and thereby serves as a ‘“‘separability”
constraint.

Interpreted in this manner, SEPARABILITY presupposes that states be construed
as probability functions. Quantum mechanical states are in one-to-one correspon-
dence with probability measures over the set of closed linear subspaces of a Hilbert
space. So quantum mechanics is one example of a theory that effectively identifies
states with probability functions. Classical mechanics can be regarded as a theory of
that type as well, but in classical mechanics, we can also represent states as points

13 This latter question is one that has been raised explicitly by Erik Winsberg and Arthur Fine,
about whom more anon. See Winsberg and Fine [14].

14 Note that I (p*li, j) is a function not only of A, but also of i and j. So this quantity cannot
be interpreted as the information associated merely with A. This “contextual” character of SEP-
ARABILITY attaches to COMPLETENESS and CONDITION C as well. I leave as a project for
future research the investigation of relationships that hold among suitable counterparts to these
three constraints, where the counterparts are characterized in terms of A alone.
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in a phase space, connecting states with a set of exact values of the position and
momentum of each particle in the system. Suppose we were to try to generalize this:
consider theories for which the states are given by a specification of exact values
of some distinguished set of physical magnitudes. We might even choose to call
these quantities “elements of physical reality”, or “EPRs”.!> These EPRs need not
be restricted to properties like the values of position and momentum, nor need the
EPRs be restricted to properties in the ordinary sense at all. They might include,
for example, irreducibly dispositional quantities, represented probabilistically as
physical propensities. How then might we think about characterizing our “separa-
bility” constraint? This leads us back to question (i), and suggests something of the
following sort:

EPR-Separability

A theory will be said to be EPR-SEPARABLE (or to satisty EPR-SEPARABILITY)
just in case it satisfies each of the following constraints:

(1) The theory distinguishes a collection of physical magnitudes, {o},03,...,0k},
as the “elements of physical reality” or “EPRs”, exact values of which uniquely
specify the state. Forall A € A, A = A(< 01,02,...,0k >).

(2) For each state A € A, there exist unique subsystem states, A4 and Ag, such
that Ay = A (< of, 04, ...,00 >), g = Ag(< o8,08,...,68 >), and for each
k=1,2,....K, 0 = ox(< o}, 0f >).

(3) There exists a function py(zlki,k2) such that pf(x|i,j) = ps,(x|i,j) and
Pﬁ()’ﬁai) = p13<y|j7 l)

@) I(Ali, j) = I(Aali, j) +1(Ag| j,i), where

I(Ai, j) = 1(pyli, ) = ¥ pa® (e, yli, ) Inpg® (x,yli, )
Xy
and I(Ar|ky,ka) = ¥ pag. (zlkm, ke ) In py (2] ki, Ky ), Where
Zz

1,'=A , 2, '=A
m= and m' =
2,'=8B 1,'=B

S p3°(x.yli, j) = P3P (3,x]j, i), where A = A(< 61,62,...,6, >) and for each
k=1,2,....K, oy = ox(< of, o >).

(©) p(A) = ¢a(Aa)P5(Ap), where ¢2 = ¢ = ¢.
(7) A= As x Ap, where Ay = Ag = Q.

®) PY¥(xyli,j) = Afp(l)P’,{B(x7y\i,j)d7l and P (zlk1, k2) EAf Or(Ar) par (2lkm,

k) dAr, where m and m’ are defined as in clause (4) above.

15 Every ray of a Hilbert space, and so, every pure state of quantum mechanics, corresponds
uniquely to some (“complete”, in the quantum-mechanical sense) set of eigenvalues of a maxi-
mal set of commuting Hermitian operators. However, no one such set of Hermitian operators will
serve for all pure states. So the states posited by quantum mechanics defy representation in terms
of EPRs.
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Clauses (1) and (2) of EPR-SEPARABILITY require that each state, for both
the composite and the component systems, is fixed by appropriate sets of EPRs as
indicated, so that each composite system state A is decomposable into a pair of
component system states, A4 to be associated with the A subsystem, and A, to
be associated with the B subsystem. Clause (3) requires that the probability func-
tions determined by the subsystem states A4 and Ag, respectively, be equal to the
corresponding marginal probability functions, as is needed for consistency with the
definition of the joint probability functions associated with the composite system
states. It also requires that each EPR associated with A4 “play the same role” as
the corresponding EPR associated with Ap in generating their respective probability
functions. Clause (4) is my proposal for imposing on this picture what I consider to
be a central feature of any acceptable separability constraint. It is the requirement
that the Shannon information associated with the probability function determined by
the composite system state description be equal to the sum of the two corresponding
quantities determined by the subsystem states. The whole is equal to the sum of the
parts. SEPARABILITY simpliciter makes the analogous demand without reference
to any EPR-conception of physical states.'®

From clause (4), EPR-SEPARABILITY entails plain SEPARABILITY, while
from clauses (1) and (2), the converse does not hold. The point here is simply that a
theory may satisfy SEPARABILITY without positing anything whatsoever regard-
ing “elements of physical reality” that provide a decomposition of a A into a A A
and a A B. (See the figure below.) If one prefers to think about this from the other
direction, we might define HOLISM simply as the denial of SEPARABILITY, and
EPR-HOLISM as the denial of EPR-SEPARABILITY.

SEPARABILITY

M

xQ

EPR-SEPARABILITY

EPR-HOLISM

=
EPR-SEPARABILTY SEPARABILITY

EPR-HOLISM = ~ (EPR-SEPARABILITY)
HOLISM = ~ SEPARABILITY

=

HOLISM EPR-HOLISM

16 Consequently, T presume that of those attracted to an information-theoretic characteri-
zation of “separability”, those with a realist bent would favor something akin to EPR-
SEPARABILITY, while those situated more toward the anti-realist end of the spectrum would
prefer SEPARABILITY.
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If we proceed, at least for the moment, under the assumption that we must reject
SEPARABILITY, then this has consequences that are not as widely appreciated as [
believe they ought to be. I will elaborate on this shortly. Returning to the character-
ization of EPR-SEPARABILITY, clauses (5), (6), and (7) impose some symmetry
conditions on the two component systems based on the identity of the constituent
entities, while clause (8) gives the standard prescription for generating testable pre-
dictions by summing over all states.'”

If COMPLETENESS is to be abandoned, it should be of some interest to consider
the relationship between this constraint and SEPARABILITY. As it happens, the two
are logically equivalent.'® This gives us the following chain of equivalences:'’

SEPARABILITY

!

(*)vxviajv
e Men e en® = (e —A) M (cra+A) 2 (e +A) ! (en — A2,

where A = det C(Ali, j) = c11¢22 — c12¢21

YA,i,j, A=0

!

CONDITION C

l

COMPLETENESS

Thus, in rejecting COMPLETENESS, we give up not just EPR-SEPARABILITY,
but also that gap between EPR-SEPARABILITY and (the logically weaker) SEPA-
RABILITY. Depending on one’s views about the proper way to characterize states,
one might say that the implications of Bell’s Theorem and the experimental tests
of the Bell Inequalities are even more drastic than previously thought. Our retreat

17 For the sake of simplicity, I forego the readily available revisions needed to accommodate non-
identical particles.

'8 This is an immediate consequence of the Gibbs Inequality (sometimes called “the Shannon-
Gibbs Inequality”. See Ash [15], pp. 16-19, for a proof. The Gibbs Inequality is a special case of a
more general result that applies to all convex functions. For this more general result, see Billingsley
[16], pp. 544-545. I am grateful to David Malament for calling my attention to the latter.

19 T will have some things to say presently about the constraint denoted by the asterisk. For now,
note that it may be seen to arise as follows: express SEPARABILITY in terms of the elements
of the matrix C(A|i, j), and exponentiate both sides of the resulting equation. (*) emerges after a
further bit of algebraic manipulation. That CONDITION C (and, so, COMPLETENESS) implies
SEPARABILITY is now trivial. (The implication in the other direction is not.) For a generalization
of each of these constraints, see Appendix 2.
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from the classical worldview is even more extreme than perhaps is generally rec-
ognized. I wish to emphasize this point because the conventional wisdom has been
that the deep meaning of Bell’s Theorem and related experimental work is that not
only deterministic theories, but even indeterministic theories that are not suitably
“holistic”’, must be given up once and for all; and one might have thought that the
holism in question, that associated with the “passion-at-a-distance” exhibited by the
entangled states of systems in Bell-type experiments, in violation of COMPLETE-
NESS, is really no more than that which follows from rejecting an EPR-style as-
sumption of separability. In particular, one might have thought that every theory that
satisfies COMPLETENESS (or, equivalently, SEPARABILITY), even those that do
not posit states that are represented in terms of EPRs, is empirically equivalent to
some such theory. If this were so, that logical gap between EPR-SEPARABILITY
and SEPARABILITY simpliciter would be empirically vacuous, and most (certainly
those who incline toward any form of anti-realism) would decline to acknowledge
any meaningful distinction between the two classes of theories. However, it can be
shown that there do exist COMPLETE (or, if one prefers, SEPARABLE) theories
that are empirically equivalent to o EPR-SEPARABLE theory. (See Appendix 1.)

Consider that from a given composite-system state A, COMPLETENESS alone
determines neither A4 nor Ag. While it does afford a factorization of the joint prob-
abilities into a product of the marginals, it remains utterly indifferent with regard
to the manner of specification of the separate states themselves. Unless one simply
rejects the EPR conception of state by fiat (in which case the marginal probabilities
may be identified with the subsystem states), EPR-SEPARABILITY appears as a
reasonable demand; and the constraint that states be represented in the form cod-
ified via that demand induces an empirical restriction that (merely) SEPARABLE
theories need not meet.

I think it helpful to note that SEPARABILITY (and, so, COMPLETENESS) re-
quires only that the quantity of information associated with the probability function
determined by the composite system state description equal the sum of the cor-
responding quantities associated with the two marginal probability functions. But
given this EPR conception of physical states, that requirement can well be met,
even though the chunks of information appearing on the two sides of the equation
that defines SEPARABILITY are qualitatively distinct.”® Moreover, such qualita-
tive distinctions can have empirical consequences. It is striking that empirical tests
of the Bell Inequalities appear to demand that we reject even the weaker constraint
(SEPARABILITY), the one having to do with information in this merely quantita-
tive sense. This is what [ meant when I suggested previously that Bell’s Theorem and
the associated experimental results force us to a more radical retreat from the classi-
cal world view than is perhaps generally recognized. I take EPR-SEPARABILITY
to be a natural generalization of the classical worldview in the spirit of Einstein,
Podolsky, and Rosen. It jettisons determinism as a requirement, but it retains the
fundamental role of elements of physical reality. And yet, we see that the holism we

20 For this insight I am indebted to Brandon Fogel, who suggested something similar to it in
conversation.
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are compelled to embrace is even more extreme than that which follows from the
mere rejection of this EPR-SEPARABILITY.

A few years ago, Winsberg and Fine proposed that we take as a suitable “separa-
bility” constraint, that the joint probability function (associated with the composite
system) simply be some function of the marginals.>! That it be the product of the
marginals would then be a simple special case of that proposal; but to insist that
the function in question take that particular form would be overly restrictive, on
their view. However, it can now be seen that if one agrees to adopt the information
theoretic conception of “separability”, and if one chooses to characterize states as
probability functions (whether or not those probability functions are taken to be the
manifestations of some set of more fundamental elements of physical reality), then
the “choice” of the product function is forced upon us.

One further point about the equivalence of SEPARABILITY and COMPLETE-
NESS: We can define mutual information as indicated here:

Mutual Information
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NOTE: COMPLETENESS = VA, i, i [X: Y], ,, = I[V;X], ;=0

That mutual information is a symmetric function is apparent from the definition.
The conditional probabilities appearing in the definition reduce to the unconditioned
probabilities if and only if COMPLETENESS is satisfied, so COMPLETENESS
holds just in case the mutual information is zero. That means, in turn, that (for a
specified pair of detector switch settings) the information in the composite system
state description is such that conditionalization on the outcome at one measurement
site has no bearing on the probabilities assigned at the other site, the former merely
providing redundant information with respect to such a “complete” state description.

21 See Winsberg and Fine [14]. These authors challenge the views developed by Howard. For a
trenchant analysis of these issues, see Fogel [17].
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I note this in an effort to add reinforcement to the earlier interpretation I suggested
for COMPLETENESS, where I also used the word “information”, but there in an
informal, non-technical sense.

Consider now the following constraint:>2

Condition S
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where A = det C(A]i, j).

Suppose an imaginary someone who has a reasonably good familiarity with the
philosophical literature on Bell’s Theorem, but who is blissfully unaware of any at-
tempts toward an information-theoretic construal of “separability”. What might be
this person’s initial response upon being told that COMPLETENESS and SEPARA-
BILITY are logically equivalent? I daresay it might be something such as this, “So, I
see that someone has succeeded in expressing COMPLETENESS in a grossly more
complicated and obscure way.” This might be followed by a sarcastic “(S)he has
my congratulations.” However, if our imaginary friend were to reflect for a time and
play around with CONDITION S sufficiently, the response might continue in this
manner, “Wait a minute, that... that looks like entropy, I mean that’s a constraint
on information; hey, that’s a requirement that the information associated with the
probability function representing the composite system is equal to the sum. .. Could
we interpret that as a ‘separability’ condition of some sort?”” Our friend just might
discern this link between the two conceptually distinct classes of theories: the class
of theories that satisfy COMPLETENESS on the one hand, and the class of theories
that satisfy SEPARABILITY on the other. That those two sets are coextensive might
be deemed to be of genuine significance.

This exercise of the imagination is intended to set the stage for a little speculation.
Might something similar to that which our friend achieved with CONDITION S be
done for CONDITION C as well? Of course, there is no reason why that would have
to be so; CONDITION C might be nothing more than a way of expressing COM-
PLETENESS (or, equivalently, SEPARABILITY) in a different mathematical form;
it might carry with it no suitably independent physical interpretation that would
help us to enrich our understanding of COMPLETENESS and SEPARABILITY.
However, the fact that CONDITION C is posed as the vanishing of a determinant
is very suggestive, even tantalizing; for this allows us to recognize CONDITION C
as the necessary and sufficient condition that there exist a non-trivial solution to a
particular set of equations.

22 The alert reader will immediately recognize CONDITION § as the aforementioned asterisked
constraint.
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CONDITION C

VA,i, j, the following pair of equations has a non-trivial solution:

ap38 (+1,+1)i, j) + 22048 (+1,~1]i,j) =0
apiB (= 1,410, j) + P38 (—1,~1]i,j) =0

[equivalently, VA, i, j, the following pair of equations has a non-trivial solution:

apiB (41, +1i,j) + 22p58 (—1,+1]i,j) = 0
a8 (+1,-1i,j) + 22piB (=1,~1]i,j) =0
Alternatively,

VA,i, j, there exists a zero — eigenvalue
CONDITION C <= « solution to the equation
Cz=1vz

We can work out the solutions to these equations and put them in various forms
and try to interpret them.>> We can also note that CONDITION C asserts the ex-
istence of a zero-eigenvalue solution to a certain matrix equation. Does that matrix
equation have an independent physical significance? What would it mean to demand
of a theory that the corresponding matrix equation of that sort have any solution, let
alone that it have a zero-eigenvalue solution?*

Success in the search for an independent physical interpretation of CONDI-
TION C might yet deliver to us at least some small deepening of our understanding
of COMPLETENESS and SEPARABILITY, and thereby help us to achieve a firmer
grasp of precisely what it is that Bell’s Theorem has to teach us about the way the
world is not.
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23 However these solutions are expressed, they suggest a symmetry condition of some sort (as does
CONDITION C itself).

24 For the quantum-mechanical case of two spin-1/2 particles in the singlet state, we have
c11 = ¢ = (1/2) sin 2(6/2), and ¢j2 = c2; = (1/2)cos?(8/2), where 8 is the angle between
the axes of alignment of the Stern-Gerlach magnets at A and B. This yields solutions to Cz = yz for
eigenvalues y* = (1/2) sin 2(6/2), and c12 = c21 = (1/2) [sin?(8/2) £ cos?(6/2)]. The eigenvec-
tors associated with the y~ eigenvalue have a curious similarity in form to those associated with
the Y~ = 0 eigenvalue solutions to Cz = yz for the states posited by theories that satisty CONDI-
TION C (COMPLETENESS, SEPARABILITY). Perhaps this similarity in form will permit us to
interpret CONDITION C as a symmetry constraint that quantum mechanics itself satisfies in some
less restrictive, more general form. Perhaps.
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Appendix 1

CLAIM: There exist SEPARABLE theories that are empirically equivalent to no
EPR-SEPARABLE theory.
To establish the CLAIM, it will be helpful first to show the following:

vx?.))’i?j?
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Note the following, straightforward consequence of EPR SEPARABILITY:
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For arbitrary values of x,y, i, and j,25
P2 (x, i, j) = P4 (xli, j)PP (y]i, J) (3)
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25 In what follows, numbers in angle brackets refer to the corresponding clauses in the definition
of EPR-SEPARABILITY, while numbers in parentheses refer to the corresponding clauses of the
aforementioned consequence of EPR-SEPARABILITY.
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(2P (x,yli, )dA - (1)
(P2 (x,yli, A (2)
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This establishes (**).

Now let T be a theory that posits a set of states A = {A1,42,..., A4, } and uniform
distribution function p(4;) = % and suppose that for each i = 1,2,...,m, there are
values o;, B, % such that for all k:

s { a B
(1+7) (i + Bi) [ Yiou YiPi

(Note: These states are normalized, and T satisfies CONDITION C.)
For T, then,

C(lﬂk,k) = } , Where ﬁ,‘ > Y.
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Thus, by (**), T violates EPR-SEPARABILITY; but since T satisfies CONDI-
TION C, it also satisfies SEPARABILITY. Moreover, since T requires that for all &,
PAB(1,—1|k,k) # PAB(—1,1|k,k), this SEPARABLE theory makes predictions that
are compatible with no EPR-SEPARABLE theory.

This establishes the CLAIM.

Appendix 2

COMPLETENESS, SEPARABILITY, CONDITION C, and equation (*) all admit
of generalization to cases with arbitrary values of s > 2 and n > 2, where s is the
number of component systems and n is the number of possible outcomes at each
detector site. In the general case, we have the following:

OUTCOME VARIABLES: x|, %2, ..., X
POSSIBLE VALUES FOR VARIABLE x;: X1,X02, - - - s Xk
DETECTOR SETTING VARIABLE FOR DETECTOR AT A;: iy
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JOINT PROBABILITY FUNCTIONS:

p/a\’]Az...Ax (X1,X2,~~~7xs|i17i27""i5)
MARGINALS:
PﬁK (xelitsin, i)=Y PﬁlAzmAS (X152, s X5, 2, s),
xj€X;
J#k

where X; = {x;1,%)2,. ., Xjs}
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SEPARABILITY
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CONDITION C

Forall 1 < j<m <s, and for alll < jr<mr <y,
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CONDITION Q
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lekz.._ks (R«‘i[7l‘27...,l‘s) = 0,
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Where Qk]kz...ks (2’ ‘i17i27 R lS) =
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NOTE: The generalized form of (*) is as follows:

[T a@d= TI (chkok — ki) 2

ky.ky,... ks kK. ks

For n = s = 2, we have q11 = ¢q2»» = detC = —q12 = —¢q»1, and CONDITION Q
reduces to (*) in this case.

I offer the following assertion here without proof:

Vn > 2, Vs > 2, the following are logically equivalent:

COMPLETENESS
CONDITION C
SEPARABILITY
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